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To extend the range of applicability of continuum formulations into the continuum-transition regime, an ex-
tended set of fluid dynamic equations has been derived. These equations, termed as the Bhatnagar-Gross-Krook
(BGK)-Burnett equations, have been derived by taking moments of the Boltzmann equation by using the BGK
model for the collision integral. The second-order distribution function that forms the basis of this derivation is
formulated by considering the first three terms of the Chapman-Enskog expansion. It is shown that the BGK-
Burnett equations have been used to compute the hypersonic shock structure and the hypersonic flow past a blunt
body. The results of these computations are compared with the augmented Burnett and Navier-Stokes solutions.
The second-order distribution function does not violate Boltzmann’s H-theorem; as a consequence the BGK-
Burnett equations are entropy consistent for the range of Knudsen numbers for which computations have been

performed.
Nomenclature

C=v—u = peculiar velocity vector
e = specific total energy

= distribution function
fo = Maxwellian distribution
fO = fOgpD = first-order component
f@ = second-order component
G = x componentof the flux vector
H =y componentof the flux vector
1 = internal energy
Iy=, f) = average internal energy
M, = freestream Mach number
Pr = Prandtl number
0 = field vector
qi = heat flux
R = (—00, 00) = real axis
RT =10, c0) = positive real axis
R~ =(—00,0] = negative real axis
Re, = freestream Reynolds number
u = fluid velocity vector
v = molecular velocity vector
o = accomodation coefficient
o) = second-order closure coefficients
B=1/2RT = reciprocal temperature

14 = specific heat ratio
k =uyR/(y —1) = thermal conductivity

A = mean free path

nw=p/v = molecular viscosity coefficient
v = molecular collision frequency
& = Knudsen number

o = density

o = irreversible entropy production
o = reflection coefficient
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Tij = stress tensor components

collision invariant vector

Subscripts and Superscripts

= acoustic flux

= BGK-Burnett flux components
= Euler flux

= body surface

= Navier-Stokes flux components
X component

y component
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I. Introduction

HE various portions of the flight envelope of space vehicles

may be broadly classified into the continuum, continuum-
transition, and free molecularregimes. The Boltzmann equation de-
scribes the properties of the fluid in all of these regimes. However,
it is very difficult to obtain closed-form analytic solutions except
for the simplest of flows, which are largely of academic interest.
For practical problems, however, approximationtechniques need to
be applied to the Boltzmann equation in order to obtain meaningful
solutions. The techniques available for solving the Boltzmannequa-
tion can be classified into particulatemethods and moment methods.
The direct simulation Monte Carlo (DSMC)' falls under the cate-
gory of particulatemethods, and the fluid dynamic equations[Euler,
Navier-Stokes and BhatnagarGross-Krook (BGK)-Burnett] fall
under the class of moment methods. In the continuum regime the
Knudsen number is relatively small, i.e., Kn,, < 1, as the mean
free path is several orders of magnitude smaller than the charac-
teristic length scale and the flow is collision dominated. The Euler
and Navier-Stokes equations adequately model the properties of a
fluid in this regime. In the free molecular flow regime the mean free
path is several orders of magnitude greater than the characteristic
length, i.e., Kn,, > 1, and the effects of intermolecular collisions
are negligible. The DSMC technique, to simulate the Boltzmann
equation, providesreasonable estimates for the flow variablesin the
free molecular regime. The most difficult regime is the continuum-
transition regime where the mean free path is of the same order of
magnitude as the characteristiclength,i.e., Kn,, ~ 1. In this regime
there are few model equationsthatare computationallytractableand
also accurately predict the flow properties. The DSMC method is
not suitable to compute the Boltzmann equation in this regime be-
cause of the large number densities needed to make the simulations
meaningful. This makes the DSMC method prohibitivelyexpensive
in terms of computational work and storage requirements. Hence
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there is a need for an extended set of governing equations that can
perform equally well in the continuum and continuum-transition
regimes.

In developing an extended set of equations, the following ques-
tions need to be addressed:

1) How do we formulate the constitutive relations for the stress
and heat transfer that will be valid in the continuum and continuum-
transition regimes?

2) How do we specify the boundary conditions, especially solid-
wall boundary conditions for the new set of equations?

3) Can the numerical techniques available for the Navier Stokes
equations be extended to include the new constitutive relations?

One of the methods in this direction employs the Chapman-
Enskogexpansionto devisehigher-orderdistributionfunctions. This
expansion gives rise to the Navier- Stokes equations for first-order
departures from collisional equilibrium. In an attempt to extend
this expansion to higher orders, Burnett? developed constitutive
relationships for the stress and heat-transfer terms by applying
the Chapman-Enskog expansion to the Boltzmann equation for
second-order departures from collisional equilibrium. These equa-
tions will be referred to as the original Burnett equations. In 1939
Chapman and Cowling® replacedthe material derivativesin the orig-
inal Burnett equations by spatial derivatives obtained from inviscid
(Euler) equations. This alternate form of the original Burnett equa-
tions will be referred to, henceforth, as the conventional Burnett
equations. The use of Euler equations to express the material deriva-
tives retained the second-order accuracy of the Burnett equations.
In recent years Fiscko and Chapman* and Zhong® have used the
conventional Burnett equations to extend the numerical methods for
continuum flow into the continuum-transitionregime by incorporat-
ing the additional stress and heat-transfer terms in standard Navier-
Stokes solvers.In an attempt to solve the conventional Burnett equa-
tions, Fiscko and Chapman* solved the hypersonic shock structure
problemby relaxingan initial solutionto steady state. They obtained
solutionsfor a variety of Mach numbers and concludedthat the con-
ventional Burnett equations do indeed describe the normal shock
structurebetter than the Navier- Stokes equationsathigh Mach num-
bers. They however experiencedstability problems when they made
the grids progressivelyfiner, which was predicted by Bobylev,® who
showed that the linearized conventional Burnett equations were un-
stable to small wavelength disturbances. In a subsequent attempt
Zhong® showed that the conventional Burnett equations could be
stabilized by adding linear third-orderterms from the super-Burnett
equations, thereby maintaining second-order accuracy. This set of
equations was termed the augmented Burnett equations. The coeffi-
cients (weights) of these linear third-orderterms were determinedby
carryingouta linearized stability analysis of the augmented Burnett
equation. The augmented Burnett equations did not present any sta-
bility problems when they were used to compute the flow properties
in the hypersonic shock structure and hypersonic blunt-body flows
problems. However, attempts at computing blunt-body wakes and
flat-plate boundary layers even with the augmented Burnett equa-
tions have not been entirely successful. Further, the ad hoc addition
of linear super-Burnett terms and their necessity raises the ques-
tion of whether the approximation used to create the conventional
Burnett equations from the original Burnett equations introduces
the small wavelength instabilities. Welder etal.” and Comeaux
et al.® have noted that linear stability analysis alone is not suffi-
cient to explain the instability of Burnett equations with increasing
Knudsen numbers as this analysis does not take into account many
nonlinear terms (products of flow variables and their derivatives)
that are present in the conventional Burnett equations. Comeaux
etal.® showedthatthisinstabilityis becausethe conventionalBurnett
equations can violate the second law of thermodynamics at higher
Knudsen numbers.

To understand the cause of these instabilities, it was decided
to formulate a higher-order set of governing equations from first
principles. The highly nonlinear nature of the collision integral in
the Boltzmann equation presents the biggest hurdle in devising a
second-order distribution function. This problem is circumvented
by representing the collision integral in the BGK!? form. This ap-

proximation assumes that any slight departure from the equilibrium
(Maxwellian) distribution function will settle down to the equilib-
rium distribution exponentially. This approximation also assumes
that the gas is dilute, and hence the collision process is predomi-
nantly binary in nature. A further implication of this assumption is
that the time taken for the nonequilibrium distribution function to
settle down to equilibrium levels is equal to the reciprocal of the
collision frequency. The exact closed-form analytical expression
for the distribution function is derived by considering the first three
terms of the Chapman- Enskog expansion. Moments of the BGK-
Boltzmann equation, with the collision invariant vector, using this
distribution function give rise to the BGK- Burnett equations.!*~!2
In this formulation we assume that the molecules are hard elastic
spheres with no intermolecular forces acting between them. An im-
portant feature of the second-order formulation is the appearance
of material derivatives in the stress and heat-transfer terms in the
BGK- Burnett flux vectors. These can be expressed in terms of spa-
tial derivativesby using either the Euler or Navier- Stokes equations.
When the Navier- Stokes equations are used to express the material
derivatives, the resulting BGK-Burnett equations are uncondition-
ally stable to a wide range of local Knudsen numbers.

The hypersonic shock structure was computed with the one-
dimensional BGK-Burnett equations, and Ref. 11 has shown that
these equationsdid notexhibitthe small wavelengthinstabilitychar-
acteristic of the conventional Burnett equations. To check whether
the entropy production is positive throughout the flowfield, the
Boltzmann’s H-theorem was applied to the second-order distribu-
tion function. The modified H function derived by Deshpande!'? has
been used to show that the irreversibleentropy produced by the one-
dimensional BGK-Burnettequations is positive for a wide range of
Knudsen numbers for which computations have been carried out.

The hypersonic flowfield about a cylindrical leading edge was
computed with the two-dimensional BGK- Burnett equations.Com-
putations were carried out for freestream Knudsen numbers Kn, =
0.001 and 0.01. A grid-convergence study showed that the two-
dimensional BGK-Burnett equations, once again, did not exhibit
any small wavelength instability when the mesh was refined.

II. One-Dimensional BGK- Burnett Equations

A closed-formexpression for the second-orderdistribution func-
tionis obtained by considering the first three terms of the Chapman-
Enskog expansion given by

[=r"+ef0+8 2 (1)

where f© denotes the equilibrium (Maxwellian) distribution func-
tion®:

FO = (p/l)y/(B/m)exp[—1/1, — BC] )
and f¥, Vi=1,2,..., 00, higher-order components of the dis-

tribution function. On substituting Eq. (1) in the one-dimensional
BGK- Boltzmann equationf:

ar g ) ®

and equating like powers of the Knudsen number, we obtain the

$This form of the Maxwellian distribution function considers the energy
contributionfrom the various nontranslationalmodes of freedom. All of these
contributing factors are grouped together in the so-called internal energy
term /. This term can be shown to reduce to zero for the special case of a
monatomic gas. The original derivation of the Burnett equations considers
the molecules, comprising the gas, to consist of only translational modes of
energy. The inclusion of the internal energy term allows this formulation to
be used for monatomic as well as polyatomic gases.

IThe molecular collision frequency v is assumed to be independent of the
molecular velocity.
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following equation for the higher-order components of the distribu-

tion function:
afi-1b
+ v, f } 4)
ox

f<f>__1 aft v
T ogv| ot

Vi=1,2,...,00.0nexpressing f = f@¢D and using the one-
dimensional Euler equations to express the temporal derivatives in
terms of the spatial derivatives,” we obtain

T B
Sv |:A (I,CX)8

O = fOY0 = A<2><IC>8uX} )

where v,, C, =v, —u,, and u, denote the x component of the
molecular, peculiar or thermal, and fluid velocities, respectively. /
denotes the internal energy (energy due to nontranslationaldegrees
of freedom), I, = (3 — y)/[4B(y — 1)] denotes the average internal
energy,”™ and 8 =1/2RT:

AV, €) = (5/28)C, — (I /BI)C. — C ©)
AP(1,C) =3B - y)BCl—(y — I)IL n <3y2— S,
0

The first-order component of the distribution function satisfies the
moment closure relation

(¥,670) =

where the inner productis defined as

(¥, 57090 = 0 ®)

(P.ef0) = / /‘I’éf“)dv I )

Y= [1,0, (1+02/2)] (10)

denotes the collision invariant vector. The physical implication of
this relation is that the first-order term of the distribution function
does not add any additional terms to the field vector Q of the con-
servationequations. This property will be used in deriving a closed-
form expression for the second-order distribution function.

On substituting for /@ in Eq. (4), we obtain

1|0 d d
1o=-5 {g[f%“)] o[/ 090 ]+ a—x[cxf“’)qb(l)]}

(1

The second-orderterm f® in the distribution function must satisfy
the moment closure relationship

(.62 r®) =0 (12)

On substituting for @ from Eq. (11), we obtain

(@& r) = ;2)[ Z(P, fO0) + x(‘P, u, fO¢)
+aix(‘1’, fo<°>¢“>)} (13)

A. Moment Closure Functions and Coefficients

From Eq. (13) one can see that the moments (¥, C, f @ ¢V} are
notequal to zero.”” Hence, we need to define some additional terms
with closurecoefficients that satisfy the moment closurerelationship
(12). In the formulation of the second-order distribution function,
the form of the additionalterms in the moment closure functions was

**This denotes the average internal energy in one dimension.
""These moments in fact give rise to the flux vectors in the Navier- Stokes
equations.

chosen®* to be similar to the functionsin A® (I, C,). Each of these
additional terms was weighted, and the magnitudesof these weights
were determined by solving Eq. (12). The second-orderterm f® is
defined as

1

el
f@=_— {E[fm)(p(l)]

el
= + _x[“xf(0)¢(l)]

+i[f(0)¢?(l)([,cx)]} (14)
X

i| (15)

The moment closure functions A9 (1, C,), Vi =1, 2in Eq. (15) are
defined as

where

FOUC) = ——— [ Ava.cnt o b1 A
Ev

AN, C) = 0:/B)Cy + (02/BL)IC, + 6;C? (16)
AP (I, C,) = BO,C? +65(1/ 1) + 65 (17)

The closurecoefficients §; Vi =1, ..., 6 are given in the Appendix.
B. One-Dimensional BGK-Burnett Stress and Heat-Transfer Terms
The BGK- Burnett equations are obtained by taking moments of
the BGK-Boltzmann equation with the collision invariant vector
W, using the second-orderdistribution function. The BGK-Burnett
equations are represented in the conservationlaw form as

90 | 3G
90, 96

ot x =0 (18)

where G=G' + G + G®. The field vector Q and component vec-
tors of the flux vector G are

p pi,
0= | pu. |, G=| p+pul
pe; pu, + pu,e,
0 0
Gv — —v , GB — —TB

XX XX

v SV B - B
u,t! +4q; —uU T, +4q,

The Navier Stokes stress and heat-transferterms in the flux vectors
are given by

=03~ (19)

. oT
q, = B (20)

where u = p/v and k = uR[y/(y — 1)]. The BGK-Burnett stress
and heat-transfer terms are given by

D / ou, du, \ D 1
b= 2 (B g P (JDE_ o
Bv2 Dt \ ox B2\ ox J Dt B3v?

B): o (0B p (BY
X(w)(ax)_g B3y 2<8x2>+392W<8_x>

2n

#Since the only relation available to determine the magnitudes of the
weights is the moment closure relation, Eq. (12), we must note that a unique
formulation of the second-order distribution function is not possible. By
assuming the form of the moment closure relations to be similar to the
functions A® (1, Cy), we are imposing an additional constraint in order to
close the system of equations.
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. ou, \ Du, D /9
q; = £ — Qs p D (3%
Bv2\ dox / Dt B3v2 Dt \ ox
0 B\ DB 1 ap ou,
Q — |—+Q — ]| —
+3 3ﬁ4v2<8x>Dt + 4ﬁ2v2 ox ox
p {(du.\{ 3B o {0%u,
Q, —2Q — Q 22
+ (2, 4)ﬁ3v2<8x><8x>+ 4/321)2(8)62 (22)
On using the Navier-Stokes equations to express the material

derivatives® in terms of the spatial derivatives, the stress and heat
flux terms in the BGK- Burnett flux vector take the form

2 2 2 2
T T
rﬁz—u— a O +a,— 8—'0 +a3— 8—'0
p ax o\ 9x? p2\ dx
2
n 1{0dp oT N 1 /0T n 0T
a—|— )| — as—| — ag——
4,0 0x 0x T\ ax 6 hx2
w? T (dp 0%u, 4 o, 92T
p? a7,o x 0x2 s x 0x2
u, ou, ’
+a9T<ﬁ> + am< ox ) :| (23)
2 2
o2, L (o) (0T (o
9= p[b‘T<ax><ax T\ e
ou, 9%u,
b4< ox )( 0x2 )
ap 0T 3T
) == bl —
x)( x2> + 7<8x3
ou, : 1{dp ou, :
+by—| — || —
ax p \ 0x ox
3
1 (0T
bo—| — 24
()] o

The expressions for the BGK-Burnett stress and heat transfer,
Eqgs. (23) and (24), contain terms that are O(u?) and O(u?). Terms
of O(u?) are obtained when the Euler equations are used to express
the material derivatives. The additionalterms thatare of O (u*) result
when the Navier- Stokes equations are used to express the material
derivatives. The coefficients 2, - - - Q4, a; - - - a9, and b, - - - b, are
functionsof §; Vi =1, 2, ..., 6 and can be obtained by expressing
the material derivatives in terms of the spatial derivatives and sim-
plifying the resulting expressions.

III. Linearized Stability Analysis

Bobylev® showed that the conventional Burnett equations are not
stable to small wavelength disturbances. Hence the conventional
Burnett equations tend to blow up when the mesh size is made
progressively finer. To investigate the stability aspects of the BGK-
Burnettequations,a model problemis considered, which studies the
responseof a uniformgas to a one-dimensionalperiodicperturbation
wave. An intuitive notion of stability requires that a mathematical
model of a system when subjected to small perturbations responds
in a manner such that the effects of these perturbationsbecome van-
ishingly small over a finite period of time. Since the perturbations

$3The material derivative is defined as D/Dr = 8/ + u; (3/dx;).

are assumed to be small, only linear terms need be consideredfor the
purpose of analysis. To check whether the BGK- Burnett equations
are stable, this simple analytical analysis is carried out by lineariz-
ing the equations. The response of these linearized BGK-Burnett
equations is shown to be stabilizing for a wide range of Knudsen
numbers.

A. Casel

The density p and temperature 7' of the undisturbed gas at time
t=0 are py and T,, respectively. At time =0 the gas
is perturbed such that p = py[1+ C;exp(iwx/Ly)], T =Ty[1+
Crexp(iowx/Lg)] and u, = /(RTy)[C3 exp(iwx/Ly)]. Since the
perturbations are assumed to be small, the magnitudesof
the C; in Egs. (25)-(27) are required to satisfy the inequa-
lity |Ci| <1, Yk=1,...,3. The characteristic length Ly = pu,/
00/ (RTy) = 0.783. The nondimensional circular frequency w =
2nLy/L = 4.92(A/L) = 4.92Kn. On introducing the perturbed
quantities in the continuity, momentum and energy equations, and
neglecting products and powers of the flow variables and their
derivatives, the following equations are obtained:

ap ou,

=0 25
Py +p P (25)
du, aT RT 9 191,
Y S AL (26)
ot ox p ox p 0x

0T  RT du, 1 9g,
ot C, ax  pC, ox

=0 27

The nondimensional density, temperature, velocity, distance, and
time are defined as p'= (o — po)/po, T'=(T —Tp) /Ty, u), = u,/
J(RTy), x' =x /Ly, and ' =tpy/pto. On introducing these nondi-
mensional variables, the continuity, momentum, and energy equa-
tions take the form

oo’ ou

- x — 2

ot’ + ax’ 0 (28)
au. 90 dT 1 Bt
R ) (29)
ot ax ax ooRT, ox
3T R ou’ VRT, 94,

e Vo0 T (30)

9 T C,0x | C,Rp I 9x

On substitutingfor 7, and g, from the BGK- Burnettequations, the
following equations are obtained:

ap’  ou’.

=0 31
ar’  ax’ GD
' dp AT’ u. 3
ar tor Taw O g Yans

83T/ 84 ’
+a— +aj—2 =0 (32)
ox’ ox’
T’ ou’ 3u’
(- D)= by —
v (y =1 o 2(y — 1) P
82 / 84 ’
—y— +bhily - D—5 =0 (33)
ox’ ax’

where the superscript’ indicates normalization of these coefficients
by the gas constant R. These equations can be cast in the form of a
vector equation as

v’ v’ 3%V v v’
_,+M1_,+M2_2+M3_3+M4 )
ot 0x ax’ ax’ ax’

=0 (34
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where
o’ 0 1 0
Vi=43u ¢, M =1 0 1
T’ 0 (y—1) O
0 0 0 0 0 0
M,=|0 —-B—-y) 0], M; = |a 0 ag
0 0 y 0 by(y—1 0
0 O 0
M;,=|0 ag 0

0 0 b(y—1
We assume the solution of Eq. (34) to be of the form
vV = "/eimx’e(pt’ (35)

where ¢ =« + i and @ and B denote the attenuationand dispersion
coefficients, respectively. The initial conditions for Eq. (34) can be
denoted in vector form as V'|,_( = Veiox', For stability « <0 as L
decreases, or in other words the flow must attenuate as the local
Knudsen number increases. Substituting Eq. (35) in Eq. (34) and
simplifying yields

(61 +ioM, — M, — i’ M;]Voee* =0 (36)

whentheEulerequationsare usedto expressthe material derivatives.
For a nontrivial solution

|1+ ioM, — 0’M, — i*M;| =0 37)

Using the Navier- Stokes equations to express the material deriva-
tives in terms of the spatial derivatives results in

[¢1 +ioM, — *M, — i’ M5 + o' My |Voe' ™ e =0 (38)
For a nontrivial solution
|$I +ioM) — M, — i’M; + o'My| =0 (39)

The trajectory of the roots of the characteristic equations (37) and
(39) are plotted on the complex plane on which the real axis denotes
the attenuation coefficient and the imaginary axis denotes the dis-
persion coefficient. For stability it is required that the roots lie to the
left of the imaginary axis as the local Knudsen number increases.
Figures 1-4 show the trajectory of the roots of the characteristic
equation as the Knudsen number increases. From the plots it is ob-
served that when the Euler equations are used to approximate the

Dispersion Coefficient (Beta)

10 . . . .
-10 -5 0 5 10 15 20
Attenuation Coefficient (Alpha)

Fig. 1 Stability plot of the linearized BGK-Burnett equations in which
Euler equations have been used to express the material derivatives, i.e.,
D()/Dt, in terms of spatial derivatives. The v = 1.40 (polyatomic gas, e.g.,
air), and Pr = 1.0. This plot shows that the BGK- Burnett equations are
unconditionallystable when the internal energy contribution is nonzero.
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Fig. 2 Stability plotof the linearized BGK- Burnett equationsin which
Navier- Stokes equations have been used to express the material deriva-
tives, i.e., D()/Dt, in terms of spatialderivatives. The~y = 1.40 (polyatomic
gas, e.g., air), and Pr = 1.0. This plot shows that the BGK- Burnett equa-
tions are unconditionally stable when the internal energy terms are
nonzero.
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Fig. 3 Stability plotof the linearized BGK- Burnett equationsin which
Euler equations have been used to express the material derivatives, i.e.,
D()/Dt, in terms of spatial derivatives. The v =1.666 (monatomic gas
e.g., air), and Pr = 1.0. This plot shows that the BGK- Burnett equations
are unconditionally stable when the internal energy contributionis zero.

4t ]
0
5]
8 2 ]
g
ke
& 0 T
Y !
-t ,
.8
Z
& 27 T
z
4t ]
-100 -80 -60 -40 20 0

Attenuation Coefficient (Alpha)

Fig. 4 Stability plot of the linearized one-dimensional BGK-Burnett
equations in which the one-dimensional Navier- Stokes equations have
been used to approximate the material derivatives, i.e., D()/Dt, in terms
of spatial derivatives. The v =1.666 (monatomic gas, e.g., argon), and
Pr=1.0. This plot shows that the BGK-Burnett equations are uncondi-
tionally stable.
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Fig. 5 Stability plot of the exact linearized BGK-Burnett equations
in which no approximation has been used to express the material
derivatives, i.e., D()/Dt, in terms of spatial derivatives. The ~ =1.666
(monatomic gas, e.g., argon), and Pr=1.0. The exact BGK-Burnett
equations are unstable above a certain critical local Knudsen number.
This plot suggests the need for approximating D()/Dt.

material derivatives the BGK-Burnett equations are stable only for
monatomic gases. For polyatomic gases such as air, it is observed
that one of the roots of the characteristic equation assumes greater
positive values when the local Knudsen number increases. However,
unconditional stability for any gas is guaranteed when the Navier-
Stokes equations are used to approximate the material derivatives.

B. Case2

To checkif the approximationsintroducedin expressing the mate-
rial derivativestend to destabilizethe exact BGK- Burnettequations,
the exact equations are linearized to yield

( /

o1’

] 8*u v ER% ER%
W, + (3 — y)— M — 4+ M,— +Ms— =0
ar ox ax"
9 2T
[y (L Sy a——
at’ |: v ax”? i|

The matrix M5 is given by

(40)

0 0 0
0 0 ~3(6, + 6, + 26,)
0 3046y —3)+ 653+ y) +6(2y)] 0

(41

The trajectory of the roots of the roots of the characteristic equa-
tion (40) are plotted on the complex plane as done in the earlier
casesand is shownin Fig. 5. This plotindicatesthat the exact BGK-
Burnett equations are stable only for very low values of the local
Knudsen number. Hence, to stabilize the BGK- Burnett equations,
the material derivatives must be expressed in terms of the spatial
derivatives.

IV. Boltzmann’s H-Theorem

The BGK-Burnett equations must satisfy the second law of ther-
modynamics. There is, however, no acceptabledefinition of entropy
for a system in a state of nonequilibium. Physical intuition tells us
that an isolated system will evolve from an arbitrary initial state
to a state of equilibrium. Boltzmann’s H-Theorem formalizes this
notion and also makes explicit the manner in which this evolution
proceeds.

For a spatially inhomogeneous gas,™ Grad'* has shown that the
followinginequalitymustbe satisfied when the gas approachesequi-
librium:

WUy “2)
ot ox
where
= / flafdu, (43)
R
H, = / vy fln f du, (44)
R

This classical definition of the H-function is based on the assump-
tion that the gas is monatomic, as a result of which the molecules
do not have any internal energy. Because the Maxwellian used in
the derivation of the BGK-Burnett equations takes into considera-
tion the energy contribution caused by the various nontranslational
degrees of freedom, the definition of H must be modified to ac-
count for these differences. The modified H function'? is obtained
by evaluating the moment:

(5-3y of of
<|:1+(an 25— y)ﬁl} at+”*ax>

_ _,6-3y) | o _
_<|:1+(an 2(3_y)ﬁl_,v[f f]> (45)

For a Maxwellian distribution function,”* the preceding equation

takes the form
_ 7 ©0) 0)
<[1+&@f<°>—2(5 W pr| Xagx >=0 (46)

B=v) at
which can be simplified to

oH | IHY
ot x

=0 47)

where

HO = / / |:f(0)[znf(0) 4 _—
R+
'H(U) — / / |:f(0)[znf(0) +o—_—
R+

Further, it can be shown that for a Maxwellian distribution function
p5© =—RHO, leading to the entropy equation
D

D oo_
vl 0 (50)

f<°>€n ;3:| dv, dI  (48)

f(o)ﬁnﬁi| dv,dI (49)

On extending the definition of the H function to higher-order dis-
tribution functions, we write

/W/[fﬁnf—i—
wom [ [o[rere it

Extending the definition of specific entropy s to include expres-
sions for H resulting from nonequilibrium (higher-order) distribu-
tion functions leads to ps = —RH, where

fﬁnﬁi| dv, dI (51)

f& ﬁi| dv,dI  (52)

A spatially inhomogeneous gas is defined as one in which the density
varies with position.

Tt can be shown that 14 ba @ —2[(5 —3y)/(3 — ¥)]1BI can be
expressed as a linear combination of collision invariants. One can see

at the expressmn for H reduces to the classical definition of H =
? f . f dv, dI for the specific case of a monatomic gas (i.e., )
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s=5O04sV4s@ 4 H=HO+HO+HD +-- (53)

On substituting ps = —RH in Eq. (42) and simplifying, we obtain

Dy v.= (54)
"Dr o

where J denotes the entropy flux and ¢ denotes the rate of produc-
tion of irreversible entropy. In accordance with the second law of
thermodynamics, the irreversible entropy produced must be either
positive or zero. The entropy flux J and the irreversible entropy
production o can be expressed as

J=JO+JV 4P+, =694V 4P+ (55)

For a Maxwellian distribution function the irreversible entropy pro-
duced equals zero (6® =0). For the Navier-Stokes and BGK-
Burnett equations we will show that the irreversible entropy pro-
duced s positive by evaluating the following moment of the BGK-
Boltzmann equation:

8H BH / / (o
R+
2(5 —

|:1+(an o ﬁli|dvxdl (56)

and showing that the right-hand side (RHS) of the preceding equa-
tion s less than zero for all Knudsen numbers. The first- and second-
order distribution functions are given by the expressions

F=ro+ee] r=rOi+ee +£00] 67

On expressing fn f as a Taylor series and considering only terms
up to the first power in the Knudsen number, we obtain the appro-
ximation

W rO[1+ &0} ~ b fO + 80" (58)
Similarly, retaining terms up to the second power in the Knudsen
number yields

gn,f(ﬂ) + %~¢(1) + $2¢(2) —

m7?

w10} =

On substituting Eq. (58) in Eq. (56) and retaining only terms up to
the second power in the Knudsen number, the RHS of Eq. (56) takes
the form

_/ /l)g{f(o)([)(l)+$f(0)¢(2)+$f(0)[¢(1)]2}
RtJR

(5—-3y)

O _
><|:1+(an 25— )ﬁli|dvxdl (60)

On evaluating the moments in Eq. (60) and multiplying by —R, we
obtain

5— o BR 30 (38" Gyt =10y 1) ()’
p 4/33 0x 2 0x

(61)
One can see that the preceding expressionfor the rate of irreversible
entropy production is always positive. Hence the Navier-Stokes
equations do not violate the second law of thermodynamics. Ex-

panding the RHS of Eq. (56) to the the third power in the Knudsen
number yields the additional terms

o'
_/ / vE 1209V — fOI== tdv.dl  (62)
RTJIR 2

which on evaluating and multiplying by — R yields

2R 5p 98\ 0
d(Z)Z_Mpz ( 2— (;3 ai) B Gyt =10y +11)

D ou, \ ou, Oy o [ p du, \dpB
XDt('D 8x> ox +6<4 +95> (,32 8x>8x

0 ou,
— @45y —91)%<—'3> 8“ —{(y = DBy — 1)> + 4]}

3
ou, 0, | 303
X<8x> —2|:(3y—5)< +4+?>+(3—y)
I 0 DY +92+&
NT T TR =D 4
p 9B\ du,
(ﬁzax) ) )

the irreversibleentropy productionterm caused by the second-order
term in the distribution function. The total irreversible entropy pro-
duced by the BGK-Burnett equations is 6 =¢V + 6@ It can be
seen that it is not possible to determine analytically, as in the case
of ¢ for the Navier-Stokes equations, whether 6 =6 + 6@ is
positive for all Knudsen numbers. Hence, computationally we see
that for all of the cases considered the BGK- Burnett equations pro-
duce a positive irreversible entropy.

V. Hypersonic Shock Structure

The hypersonic shock structure for argon has been computed
using the one-dimensional BGK- Burnett equations. The upstream
conditions were specified, and the downstream conditions were de-
termined by the Rankine- Hugoniot relations. The flow parameters
used are

T, = 300K, P, = 1.01325 x 10° Nm™2

y = 1.6666, Moo =22.7 x 107 Nm > (64)
For purposes of comparison, the same flow conditions as Zhong’
were used for the computations. The Navier- Stokes solution was
taken as the initial value for the BGK-Burnett equations. This
smooth spatial distribution is imposed on a mesh that corresponds
to the expected shock thickness. The length of the control volume
enclosing the shock was chosen to be equal to 1000A,. The mean
free path based on the freestream parameters is obtained from

16/
hoo = (65)

5p00V 2T RT,

A set of computational experiments was carried out to compare the
BGK-Burnett (with stress and heat-transfer terms of (’)(,uz)) with
the Burnett solutions of Fiscko and Chapman.* A hybrid scheme
was used that employed the first-orderkinetic wave particle scheme
(KWPS)® for the Euler part and central differences for the Navier-
Stokes and BGK-Burnett flux vectors. Tests were carried out for
Mach 20 and 35. To test for instabilities caused by small wave-
length disturbances, the number of grid points was increased from
101 to 501. Figures 6-9 show the variations of specific entropy
across the shock. The BGK-Burnett equations show a positive en-
tropy change throughout the flowfield, whereas the conventional
Burnett equations give rise to a negative entropy spike just ahead of
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Fig. 6 Specific entropy variation across a Mach 20 normal shock in
a monatomic gas (argon), Ax/A, = 8.0. One-dimensional Euler equa-
tions have been used to approximatethe material derivatives, i.e., D()/Dt,
in terms of spatial derivatives. This plot shows that the BGK-Burnett
equations produce a positive entropy change throughout the flowfield.
The conventional Burnett equations have coefficients used by Fiscko
and Chapman®* (F&C).
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Fig. 7 Specific entropy variation across a Mach 20 normal shock in
a monatomic gas (argon), Ax/A« =4.0. One-dimensional Euler equa-
tions have been used to approximatethe material derivatives, i.e., D()/Dt,
in terms of spatial derivatives. This plot shows that the BGK-Burnett
equations produce a positive entropy change throughout the flowfield.
The conventional Burnett equations have coefficients used by Fiscko
and Chapman®* (F&C).
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Fig. 8 Specific entropy variation across a Mach 35 normal shock in
a monatomic gas (argon), Ax/A, = 8.0. One-dimensional Euler equa-
tions have been used to approximatethe material derivatives, i.e., D()/Dt,
in terms of spatial derivatives. This plot shows that the BGK-Burnett
equations produce a positive entropy change throughout the flowfield.
The conventional Burnett equations have coefficients used by Fiscko
and Chapman®* (F&C).
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Fig. 9 Specific entropy variation across a Mach 35 normal shock in
a monatomic gas (argon), Ax/A« =4.0. One-dimensional Euler equa-
tionshavebeen used to approximatethe material derivatives, i.e., D()/Dt,
in terms of spatial derivatives. This plot shows that the BGK-Burnett
equations produce a positive entropy change throughout the flowfield.
The conventional Burnett equations have coefficients used by Fiscko
and Chapman®* (F&C).

the shock as the number of grid points is increased. This negative
entropy spike increases in magnitude until the conventional Bur-
nettequationsbreak down completely. The BGK-Burnettequations
did not exhibit any kind of instability for the range of grid points
considered.

VI. Two-Dimensional BGK-Burnett Equations
The two-dimensional BGK-Burnett equations are derived in a
manner similar to the derivation of the one-dimensional BGK-
Burnett equations explained earlier. The two-dimensional BGK-
Boltzmann equation is given by

K.Y SRCY A PR T)
at—i—vxax—i-vyay—v[f ] (66)
where
f=rO+efO+£f® (67)

denotes the second-order distribution function and
£ = (p/Iy)(B/m)exp[~1/Iy — BCI — BC}]  (68)

denotes the two-dimensional Maxwellian (equilibrium) distri-
bution.”™™ On substituting Eq. (67) in Eq. (66) and equating like
powers of the Knudsen number, we obtain the following equations

for the first- and second-orderterms of the distribution function:

1 9 ) 9 0) 9 ©0)
FO :_5[ J;t + v, Jacx +v, gy (69)
1 8f(1) 8f(1) 8f(1)
= — , 70
f $v|: o TV T Ty 79

On expressing [ = f@¢® and using the Euler equations to ex-
press the material derivatives in terms of the spatial derivatives,!®
we obtain

f(U) R

W — OO — | AD (] C,, C,)—
f f ¢ 51) |:.A ( s ))8)6
A9 cpL oy ava, e, e
oy dx

ou, o,
+ AN C,, C= + AO(I, C,, €)==
ay ay

au,
F AV, C,, C) = } 71)
0x

7 The average internal energy in two dimensions is given by the equation
ly=Q2—-y)/28(r - D).
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where

AN, C,,Cy) = (3/B)C. — (1/B1)C, — C.C; = C; (72)
AP, C,.Cy) = (3/B)C, — I /Bly)C, — C,C; - C; (73)

A, C,,Cy) = BB —y)C; — B(y — DC;

—(y = DU /l) + @2y —3) (74)
AN, C,,C)) = BB —y)C — B(y — DC]

—(y = DU /l) + @2y —3) (75)
A9, C,.C,) =2BC.C, (76)

One can see that the first-order term of the distribution function
satisfies the moment relation

(P erV) = (¥, er%") =0 (77)

where the inner productis defined as

(‘P,éf“))=/ //‘Péf“)dvxdvydl (78)
REJIRIR

‘I’z[l,vx,vy,(I+vf/2+v§/2)]r (79)

denotes the collision invariant vector. On substituting Eq. (69) in
Eq. (70), we obtain

i[cxf“’%p“)]

d
a_x[uxfm)(p(l)] o

+ %[uyfm)(p“)]

0
+ 2 [Cyf(”)(p(‘)] (80)
dy
We note, as mentioned earlier, in the derivation of the one-dimen-
sional second-order distribution function that f® does not satisfy
the moment closure relationship

(.62 r®) =0 (81)

Hence, we need to define some additional terms with closure coeffi-
cients that satisfy Eq. (81). An additional constraint was imposed to
ensure that the two-dimensional BGK- Burnettequationsreduced to
the one-dimensional BGK- Burnett equations when the 9/9dy terms
were set equal to zero. The second-order term in the distribution
function is defined as

1

f(2) — _5{ [f(0)¢(1):| + _[ f(0)¢(1)]

+aix[f<0><[>((xl;(l C.,C, )] + _[ f<o>¢<1>]

0 ~
% (£, C., cy)]} (82)

where

523(1, C.,C)=~— o [B(l)(l c,,C, )—'3 +8%u, C.,C, )%

X X

ou, ~

+B (I CX,C) B (I C,,C, )—i| (83)

- 1[5 B 5 0B
€3} — (1) 2)
¢(y)(l» Cx»cy)_ _%_v |:C (I»Cx» Cy)ax +C (I» Cx» Cy) ay
8u)
A(5) A(5) 8“)
+C2(, CX,C) C a, CX,C) (84)

The moment closure functions B (1, C,, C,) and ¢, c,, C,)
Vi=1,...,5in Egs. (83) and (84) are given by the relations

BO(I,C,., C,) =B +a)/BIC — [(1 — a2) /BL]IC]

—(1+a3)C;C} = (1 +a))C} (85)

B(Z)(I» Cx» Cy) = (S/ﬁ)cxcy - (l/ﬁlﬂ)lcxcy - Cjcy - Cxci

(86)

BY(1,C,.Cy) = BlB —y) +a]C] — Bl(y — 1) + a5]C.C?

_[(y—1>+a4

7 }ch +[2y —3) + w]C, (87)
0

B9, C,.Cy) = BIB —y) + a]C.CL = Bl(y — 1) + ] C?

_[(y—1>+a6

0

B(I,C,, C,) =2BC2C, + a; p3CHC3 (89)

¢, C,.C,) = (3/B)C.C, — (1/BI)IC,C, — C,C} - C3C,
(90)

CO(1,C,. Cy) = [B+a)/BIC; = [(1 — ) /L1 I C}

—(1+a3)C;C} = (1 +a)C; (C20)

COI,C,. C) = BB —y) + a]CICy — Bl(y — 1) + 6] C

_[(y—1>+a6

- i|ICy + @2y —3) + alC, (92)
0

CHU,C,,Cy) = PIB —y) + aslC] — Bl(y — 1) +as5]C2C,

- [wycy +1Qy = 3) + alC, (93)
0

CO(I,C,.C,) =2BC,C? + a,B°C3C? (94)

The closure coefficientsoy, Yk =1, ..., 7 are givenin the Appendix.
The two-dimensional BGK-Burnett equations are written in the
conservationlaw form as

Q0 0G OH
—+—+—=0 95
ot + 0x + ay (93)

where G=G' + G’ +G® and H=H' + H® + H". The field vector
is given by Q= p, pu,, pu,, pe,]” and the flux vectors are given
by the expressions
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The two-dimensional Navier- Stokes stress and heat-transferexpres-
sions are given by

ou, ou,
T,=pu| G-y y—H— (96)
a ay
ou ou,
.= -+ — 97
2, M[ ot } ©7)
ou, ou,
= M[(s -y—-@-D } (98)
) ay
oT
G, = —k— (99)
ox
- oT
q, = —KE (100)

The two-dimensional BGK- Burnett stress and heat-transferexpres-

sions are given by
2 D 1 D y
= e - 22 ) G- -y
p 28> 28 Dt 9x dy

o[ D [ ou, D
A R
i ou, du,
o) ()]
i ou, ou ou
e ()50 (E)
a [ pb B o [ pbs 0P
_8_)6(?_)6)_8_)7(?8_)7)} (101)
2
b [(2DB 1 Dp) (o o,
T“’_pZXKzﬂZDt 2ﬂDt><8y+8x>
a 2 ou, + ou, a ou, 0u,
28| D\ oy ox 26\ dy ox
by o) o (o, w0 (o 08
+8x 8x> 2ﬂ<8y 8y+8x 8y>+ <ﬂ38y>

3 ( p 0B
+$<4_,338_x>} (102)
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1 Dp Uy
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o, \' | 8 (o0 0B\ 9 [ 00 9B
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(103)

o_ Ly [Dpsp 3098DB D (8
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op duy, 0P Ju, w-p
—_——t = + == 3-—
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o duy ou,y Du) 8ux ou, Dux u ol 8/3 8u)
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a | p ouy 8u) 8

+97)8“*} +i[?<92+93+94)—]} (105)
The material derivatives can be expressed in terms of the spatial
derivatives by using the Navier- Stokes equations. These resulting
expressions have terms that are of O(u?) and O(u®) as shown in
the one-dimensional BGK-Burnett stress and heat-transfer terms,
Eqs. (23) and (24). The derivation of these expressions is straight-
forward and is not given here because of space limitations.

VII. Blunt-Body Computations
The two-dimensional BGK-Burnett equations were applied to
compute the hypersonicflow pasta cylindricalleadingedge of vary-
ing nose radii to simulate different freestream Knudsen numbers.
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The Steger- Warming flux-vector splitting was applied to the invis-
cid flux terms. The Navier- Stokes and BGK-Burnett flux vectors
were central differenced. The results of the computations are com-
pared with the results of the augmented Burnett and Navier-Stokes
equations.

For the blunt-body flowfield computations freestream conditions
were used along the outer boundary. First-order extrapolationof the
interior data was used to determine the flow propertiesalong the exit
boundary, symmetry boundary conditions were applied to the stag-
nation streamline, and the first-order Maxwell- Smoluchowski slip
boundary conditions were used on the wall surface. The Maxwell-
Smoluchowski slip boundary conditions are given by

2—&[- ou, 3 u 0T
U, = —— — —_—— —
’ o ay 4 pT \ ox
2—a& 2y I (3T
T,=7,+— (== (106)
y+1Pr\dy/
where
I'=@Qu/p)y/7/8RT (107)

The subscript s denotes the flow variables on the surface of the
body. The reflection coefficient ¢ and accomodation coefficient &
are assumed to be equal to unity.

The two-dimensional BGK-Burnett equations were applied to
compute the hypersonic flowfield over a cylindrical leading edge
of nose radii 2 and 0.2 m corresponding to freestream Knudsen
numbers Kn,, =0.001 and 0.01, respectively. The flow conditions
used for the computations are

M, =10.0,

Re., = 167.9, P, =2.3881 Nm™2

T, =2084K, T,=1000K, R =287.04m%(°K)

y=14, Pr=072 (108)

The coefficient of viscosity is calculated using Sutherland’s law:

pw=c [T /(T +e)] (109)

where

1 = 1.458 x 10° kg/(smK?), c;=1104K  (110)

VIII. Results and Discussion
of Blunt-Body Computations

A. Casel: (Kno =0.01)

The grid used for the computationsis shown in Fig. 10. Compar-
isons of density, velocity, and temperature changes along the stag-
nation streamline between the two-dimensional Navier- Stokes, the
two-dimensional augmented Burnett, and two-dimensional BGK-
Burnettsolutionsare shownin Figs. 11- 13, respectively.The density
and temperature contours of the Navier- Stokes, augmented Burnett,
and BGK-Burnett solutions are shown in Figs. 14-19. The result-
ing curves of the BGK-Burnett and augmented Burnett solutions
are almost coincident. However, differences are observed ahead of
the shock, where the velocity curve of the BGK-Burnett solution
shows an unexpected peak.

B. Case2: (Kno =0.001)

At this small Knudsen number (continuum regime) the solutions
of the three sets of equations are identical. Figures 20-22 show the
variations of density, velocity, and temperature along the stagnation
streamline. This solution indicates that the BGK- Burnettequations
do indeed reduce to the Navier- Stokes equations in the continuum
limit, thereby satisfying one of the requirements of the extended set
of governing equations.
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Fig. 10 50 X 82 grid used to compute the blunt-body flow in case 1.
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Fig. 11 Density along the stagnation streamline for case 1 (Kn. =
0.01).
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Fig. 12 Velocity along the stagnation streamline for case 1 (Kn. =
0.01).
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Fig. 13 Temperature along the stagnation streamline for case 1
(Kne =0.01).

Fig. 18 Augmented Burnett tempera-
ture contours for case 1 (Kn, =0.01).
Fig. 14 Navier- Stokes density con-
tours for case 1 (Kno =0.01).

Fig. 19 BGK-Burnett temperature
contours for case 1 (Kn, =0.01).
Fig. 15 Augmented Burnett density
contours for case 1 (Kn, =0.01).
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tours for case 1 (Kno =0.01).
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Fig. 20 Density along the stagnation streamline for case 2 (Kn, =
0.001).
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Fig. 21 Velocity along the stagnation streamline for case 2 (Kne. =
0.001).
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Fig. 22 Temperature along the stagnation streamline for case 2
(Kne =0.001).

IX. Conclusions

An entropy consistent set of BGK-Burnett equations has been
derived from first principles. The one-dimensional BGK-Burnett
equations have been numerically integrated to compute the hyper-
sonic shock structure. The equations are computationally stable for
the range of grid points for which results are presented.

The two-dimensional BGK-Burnett equationshave been applied
to compute the flowfield at Kn,, =0.001 and 0.01. At low Knudsen
numbers the Navier- Stokes and BGK- Burnett solutions are almost
identical. The two-dimensional BGK-Burnett equations are once
again stable for the range of Knudsen numbers for which compu-
tations have been carried out. Because the BGK- Burnett equations
havebeenshown to be entropy consistent(in one dimension) and sat-
isfy Boltzmann’s H-theorem, they are recommended as a extended
set of hydrodynamic equations for computing hypersonic flows in
the continuum-transitionregime.

Appendix: BGK-Burnett Equations

One-Dimensional BGK-Burnett Coefficients

The one-dimensional BGK- Burnett moment closure coefficients
are

5
91=—+a)1, 922602—1
2
0; = —(1 + w), 0,=0C—y)+ws
3y =5
0s = —[(y = D)+ ws], 0s = }/2 + w3
4 2 2
o = —t == w3 =—=CB—-y)
O-"7y) ©-"7y) 3

(AD)

Two-Dimensional BGK-Burnett Coefficients
Moment Closure Coefficients

The moment closure coefficients in the two-dimensional second-
order distribution function are

Q =2V @ =20, +0,+20
1= 2 =7\ 2130
S
4y —1
1
Qy = ———[04(6y —3) +65(y +3)+6:,2y)] (A2)
8y — D

Stress and Heat Transfer Coefficients

The coefficients in the two-dimensional BGK- Burnett stress and
heat-transferterms are

3
0, = g[(l —3a;) —2(1 —az) — (1 + a3)]

6 = =Y (8 — dy) + (@ — a5)]
2_8()/—1) v a4 — s

o

0, = 1i6[<36 — 12) + (15a; — 3a5)]

1
0, = 1_6[(8 —4y) + 3(ay — as)]
9_2_—}/13_ Y+ _Z -+
5_2()/—1) 4[( 14 o] 4[()’ ae]
1
+5[(2}/—3)+(¥6]}
O = 3 3 2 1 3 2 3
6—1_6[( —}/)+(¥6]—1—6[()’— )"F%]"‘g[( Y —3) + a6]

3 5 1
0; = 1—6[(3 —y) tas] — 1—6[()’ —D+oas]+ g[(zl/ —3) + ag]

1 3 15
O = g(_dl + 20, — 303 — 2), Oy = —<1 + ?(W) (A3)
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